We consider the inclusive production of hadrons in lepton-nucleon scattering. For a transversely polarized nucleon this reaction shows a left-right azimuthal asymmetry, which we compute in twist-3 collinear factorization at leading order in perturbation theory. All non-perturbative parton correlators of the calculation are fixed through information from other hard processes. Our results for the left-right asymmetry agree in sign with recent data for charged pion production from the HERMES Collaboration and from Jefferson Lab. However, the magnitude of the computed asymmetries tends to be larger than the data. Potential reasons for this outcome are identified. We also give predictions for future experiments and highlight in particular the unique opportunities at an Electron Ion Collider.
I. INTRODUCTION
In the present work we study inclusive production of hadrons in lepton-nucleon scattering, ℓ N → h X. If the transverse momentum P h⊥ of the final state hadron is sufficiently large, this process may be treated in perturbative Quantum Chromodynamics (QCD) and, therefore, can provide additional information about the parton structure of the nucleon. Our focus here is on the left-right azimuthal asymmetry that can be defined if the nucleon is transversely polarized. This asymmetry is similar to the transverse single-spin asymmetry A N which has already been studied extensively in hadronic collisions like p ↑ p → h X -see Refs. for related experimental and theoretical work. Recently, the HERMES Collaboration [32] and the Jefferson Lab Hall A Collaboration [33] reported the first ever measurements of A N in lepton-nucleon scattering. In general, one may expect that A N in this reaction could give new insight into the underlying mechanism of A N in hadronic collisions which is the subject of longstanding discussions.
We compute A N in collinear twist-3 factorization where it has two main components: First, a twist-3 effect originates from the transversely polarized nucleon. In that case the key non-perturbative entity is the so-called Qiu-Sterman (QS) function [12, 13] -a specific quark-gluon-quark correlator that has an intimate connection with the transverse momentum dependent (TMD) Sivers function [34, 35] . In a closely related previous work we have shown how the QS function can be studied through measuring A N for the process ℓ p ↑ → jet X [36] . Second, a twist-3 effect also arises from parton fragmentation. This contribution can be expressed by means of two independent fragmentation correlators [30, 37, 38] , one of which is related to the Collins fragmentation function [39] . A first attempt to get a complete result for A N in ℓ p ↑ → h X in the collinear twist-3 approach can be found in a conference proceeding [40] . Note that the same observable has also been computed in the so-called Generalized Parton Model (GPM), which uses TMD parton correlation functions [41] [42] [43] .
We fix all the non-perturbative parts of the analytical result for A N through available information from other hard scattering processes. In particular, we take into account important input for the fragmentation correlators from a recent analysis of A N in p ↑ p → π X [31] . Our calculation agrees in sign with the data from HERMES [32] and from Jefferson Lab [33] . On the other hand, the results tend to be larger than the data. As we discuss below in more detail, the most important reasons for this outcome could be the underestimated error of our calculation, and the impact from higher order corrections. Such corrections can be expected to be very large for ℓ N → h X in the kinematical region of the presently available data. We therefore emphasize the need for a next-to-leading order (NLO) calculation of A N in order to explore to what extent this observable is theoretically under control. We also stress the importance of new experiments, in particular at a future Electron Ion Collider (EIC) [44] [45] [46] . With such a facility one could extend the measurements to (much) higher values of P h⊥ where the perturbative expansion converges better. Moreover, an EIC would allow one for the first time to explore the forward region of the nucleon in a lepton-nucleon reaction. Note that it is precisely this forward region of the polarized nucleon where strikingly large asymmetries A N have been observed in p ↑ p → h X [1, 3, 5-8]. Our paper is organized as follows. In Section II we present some details of the kinematics for ℓ N → h X as well as our analytical results. The numerical results are given in Section III. They include the comparison to existing data and predictions for future experiments. In Section III we also briefly compare our approach with the GPM. The paper is summarized in Section IV.
II. KINEMATICS AND ANALYTICAL RESULTS
Here we discuss some details of the kinematics and present the tree level results for the unpolarized and the spindependent cross section entering the definition of A N . For the process under consideration
l, P , and P h denote the momentum of the lepton, nucleon, and produced hadron, respectively, and S P is the spin vector of the nucleon. We use the momenta of the particles to fix a coordinate system according toê z =P = −l, e x =P h⊥ , andê y =ê z ×ê x . The Mandelstam variables for the scattering process are defined by
while at the corresponding partonic level one haŝ
with k characterizing the momentum of the active quark in the nucleon, and p the momentum of the fragmenting quark. Neglecting parton transverse momenta one has k = xP and p = P h /z.
For the unpolarized lepton-nucleon collisions, the differential cross section at leading order (LO) is given by [36] 
where f q 1 is the unpolarized quark distribution, and D h/q 1 is the unpolarized fragmentation function. Here z min = −(T + U )/S, and x can be determined from the on-shell conditionŝ +t +û = 0 in our LO formula as
We now turn to the spin-dependent cross section for the process ℓ N ↑ → h X, that is, an unpolarized lepton scattering off a transversely polarized nucleon. We work in the collinear factorization framework, in which this cross section is a twist-3 observable. The twist-3 effect can either come from the side of the parton distribution in the transversely polarized nucleon [12] , or from the side of the parton fragmentation into the final-state hadron [28, 30, 37] . Calculations for such a twist-3 observable in collinear factorization have become standard, and details can be found in the literature -see, e.g., Refs. [12-15, 22-24, 28, 30, 37, 38, 47-54] . In particular, we refer to [30] where the fragmentation contribution to A N for p ↑ p → h X has been computed. Here we only write down the final expression
where we use the convention ε
12
⊥ ≡ ε −+12 = 1, and ξ z = z/z g with 1/z g = (1/z − 1/z 1 ). For the electromagnetic interaction we used both Feynman gauge and a light-cone gauge. In either case we obtained identical results which can be considered a non-trivial cross check of the calculation. At the operator level and in a parton model analysis, the QS function F q F T [12, 13] can be related to the first k ⊥ moment of the Sivers function f ⊥q 1T [16, 55] ,
where the subscript "SIDIS" indicates the Sivers function probed in semi-inclusive deep-inelastic scattering. More information about the relation between the QS function and the Sivers effect when taking into account evolution can be found in [56, 57] . The functionĤ h/q has the following relation to the Collins function H ⊥h/q 1 [28, 30, 37] ,
Our definitions for both f ⊥q 1T and H ⊥h/q 1 follow the so-called Trento convention [58] . On the fragmentation side σ UT contains two additional twist-3 terms. Those depend on the two-parton correlator H h/q and the (imaginary part of the) 3-parton correlatorĤ h/q F U . The underlying dynamics for these functions may be similar to the one for the Collins effect, and it turns out in fact thatĤ h/q , H h/q , andĤ
are not independent of each other but satisfy the relation [30] 
Since both the Sivers function f ⊥q 1T and the Collins function H ⊥h/q 1 have been extracted from experimental data [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] , one has information for the twist-3 correlators F q F T (x, x) andĤ h/q (z) through Eqs. (7) and (8) . In order to estimate the contributions from the different terms in Eq. (6), the only unknown piece is the 3-parton correlator H h/q,ℑ F U after taking advantage of the relation in Eq. (9) . In Ref. [31] it was argued that the fragmentation functions H h/q andĤ h/q,ℑ F U could be the main source of the left-right asymmetry A N for p ↑ p → π X. In our numerical estimates in the next section we will use the fitted parametrization forĤ h/q,ℑ F U from [31] . In principle through the process under consideration one can learn more about the fragmentation functions entering twist-3 calculations, which in turn could help one to better understand A N in proton-proton collisions where the same functions show up. In practice, however, this may be difficult due to potentially large NLO radiative corrections for ℓ N → h X [36, 70] . Below we will return to this point.
III. NUMERICAL ESTIMATES
In this section, we will estimate A N based on the LO formulas in Eqs. (4) and (6) . We will study in detail the contributions from the soft-gluon pole term involving F q F T , and the fragmentation term involvingĤ h/q , H h/q , and
. Throughout we use the GRV98 unpolarized parton distributions [71] and the DSS unpolarized fragmentation functions [72] . We calculate the QS function F q F T using Eq. (7) and the Sivers function of Ref. [66] extracted from SIDIS data. The twist-3 fragmentation functionĤ h/q is calculated by using Eq. (8) and the Collins function extracted from SIDIS and e + e − data in Ref. [67] . The transversity function h q 1 is also taken from Ref. [67] . Note that antiquark transversity functions are neglected throughout since no information exists on their extraction. The functionĤ h/q,ℑ F U was fitted to data on A N in pp scattering in Ref. [31] , and we will use its parametrization, while H h/q is fixed through Eq. (9) . For simplicity we assume that the twist-3 correlators follow the same DGLAP scale dependence as the twist-2 counterparts f
1 . For more information on the proper evolution of 3-parton correlators we refer to [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] .
A. Single spin asymmetry
In order to compare our calculation to the spin asymmetry measured by the HERMES Collaboration [32] we first need to carefully consider the conventions. In Ref. [32] the transverse SSA is denoted by A sin Ψ UT and defined through
Here the sin Ψ azimuthal dependence is determined from the vector product S P ⊥ · ( P h × l ) where, as stated above, S P ⊥ is the (transverse) spin vector of the target, and l and P h are the three-momenta of the incident lepton and of the final-state hadron, respectively. The asymmetry is defined in the lepton-nucleon center-of-mass frame such that the lepton moves in the +z direction, while the transversely polarized nucleon moves along the −z direction. While in the pp case the transversely polarized nucleon typically defines the +z direction, it is important to realize that the definition of A sin Ψ UT fully agrees with the one for A N used for pp collisions [1] [2] [3] [5] [6] [7] [8] [9] . Note also that in the HERMES convention positive Feynman x (which we denote by x H F ) corresponds to hadrons going in the direction of the lepton or backwards with respect to the target nucleon. This convention has the opposite sign compared to x F used in the pp case [1-3, 5-9], i.e., x H F = −x F . With the coordinate system specified in Section II and the spin vector of the nucleon pointing in the +y direction we have
where P h⊥ ≡ | P h⊥ |. The differential cross section can then be written as
and the spin asymmetry A N is given by
The Mandelstam variables T and U can be expressed in terms of x F and P h⊥ as
These relations will help us to better understand the kinematical regions that are covered in the integration in Eqs. (4) and (6) . In particular, let us consider a situation S ≫ P 2 h⊥ and
We may conclude from Eq. (5) that for x F → 1 (x H F → −1) the region of x will be concentrated around 1, i.e., the large-x region, and for x F → −1 (x H F → 1) x will be in the region [0, 1], i.e., relatively small-x region. On the other hand, the region explored in z spans from z min = −(T + U )/S to 1 and is obviously symmetric with respect to x F ↔ −x F . The region of z will shrink to 1 for both x F → ±1.
It is good to discuss the uncertainties in our formalism, which mainly come from
h/q are propagated from the errors of TMD distributions which were extracted in [66, 67] . The errors of these TMD distributions were estimated in [66, 67] using the method described in Appendix A of [66] . Let us briefly recall this method: In order to calculate the errors we generate randomly 200 sets of parameters for each of the distributions considered such that each of the set gives χ 2 which is within ∆χ 2 (chosen to correspond to 95% of confidence level) above the minimum χ 2 min reached by global minimization on the corresponding experimental data set. In order to calculate the errors on the observables, we then compute these observables using all 200 sets and find a minimum and maximum for each point. By doing so we plot an error band for all curves in this paper: in other words, the uncertainty band on all the plots in the rest of the paper contains only the errors of these TMD distributions. Notice that by doing this procedure we have joint estimation of errors for transversity and Collins FF simultaneously as they enter into observables together. It is natural to expect that uncertainties of corresponding functions grow in the region where the experimental data are not available, for example for the Sivers function and transversity at large x (or negative x H F ). From this simple analysis, we can conclude that in the region of x F → 1 (x H F → −1) our calculations will have the largest uncertainties based on the uncertainties in the TMD functions. This is because this x-range probes the as yet unexplored regions in SIDIS of large x, z → 1. On the other hand in the regime x F → −1 (x H F → 1) we expect to have smaller uncertainties based on the uncertainties in the TMD functions as far as this region of x corresponds to the kinematical regime already explored in SIDIS. In order to corroborate these findings we also present the numerical computation of x and z as a function of x H F in the case of HERMES kinematics at √ S = 7.25 GeV for P h⊥ = 1 GeV in Fig. 1 . One can see that, in particular, in the region of positive x H F (negative x F ), the region of x indeed corresponds to the region explored by SIDIS data. Note in the cross section for ℓp that z is integrated over while x is fixed once z is known (or vice versa). But in the case of pp collisions, once z is known, only a minimum x-value x min is fixed, with an x-integration evaluated from x min to 1.
Nevertheless, one must keep in mind that the functionĤ h/q,ℑ F U was fitted to experimental data in proton-proton scattering which are in the large positive x F range (i.e., large negative x H F region) not explored by inclusive hadron production in lepton-proton scattering at HERMES. Error bands for these functions were not computed in Ref. [31] . However, one might speculate in the region of x H F > 0 (x F < 0), where limited information from pp collisions exists and none is available for charged pions, there are large errors. Without the uncertainty ofĤ h/q,ℑ F U included, the error bands in the plots are thus underestimated in this x H F > 0 region. In addition, even in the x F > 0 region covered by the pp data, one has uncertainties inĤ h/q,ℑ F U due to uncertainties in the Sivers, Collins, and transversity functions that were used as inputs in the analysis of Ref. [31] . This is readily seen in the different fits obtained in Ref. [31] when using two different extractions of the Sivers functions. Since z min increases as x F increases, this implies large uncertainties inĤ h/q,ℑ F U in the large-z region covered by the HERMES data (see Fig. 1 ). There are also uncertainties inĤ h/q,ℑ F U related to the neglect of soft-fermion poles in the pp reaction, which may play some role in A N for that process [24] . In any case, a complete analysis of both ℓp and pp asymmetry data within the factorization formalisms (with enough accuracy in theoretical calculations) should better constrainĤ h/q,ℑ F U , and in turn help to more thoroughly understand this fragmentation mechanism that could underlie single-spin asymmetries in proton-proton collisions [31] .
B. Comparison with the experimental data
In the following we will plot A N (−x F , P h⊥ ) = A sin Ψ UT (x H F , P h⊥ ) as a function of x H F and P h⊥ . It is important to realize that for the process at hand, ℓ N → h X, only the hadron transverse momentum P h⊥ can serve as the hard scale. We thus choose the renormalization scale for both parton distributions and fragmentation functions as P h⊥ , which has to satisfy P h⊥ ≫ Λ QCD to ensure the use of collinear factorization formalism. With this in mind, we therefore only compare with the HERMES data in Ref. [32] with P h⊥ ≥ 1 GeV. We note that almost all of this data is from quasi-real photoproduction (i.e., Q 2 ∼ 0 GeV 2 ). We will address later how this could affect the comparison between theory and experiment. contribution is the dashed line, theĤ h/q contribution is the dotted line, the H h/q contribution is the dot-dashed line, and thê H h/q F U contribution is the 3-dotted-dashed line. The error band comes from uncertainties in the Sivers, Collins, and transversity functions estimated in Refs. [66, 67] . Note that positive x H F corresponds to pions in the backward direction with respect to the target proton.
In Fig. 2 we plot A N as a function of x H F for π + and π − production with 1 < P h⊥ < 2.2 GeV ( P h⊥ ≃ 1 GeV) for lepton-proton collisions at HERMES energy √ S = 7.25 GeV [32] . For π + the contribution coming from F q F T related to the Sivers effect is positive for all x F . The contribution fromĤ h/q is of opposite sign and smaller in absolute value than that from F q F T . The contribution from H h/q is positive and that fromĤ h/q,ℑ F U is negative, and their sum is similar in absolute value to the contribution fromĤ h/q . In fact those three contributions almost cancel each other leaving a nearly vanishing fragmentation piece. The resulting asymmetry is close to the contribution from F q F T and is larger than the experimental data, as clearly seen in the figure. The experimental data are around 5% and our computations result in a positive asymmetry of about 15%.
On the other hand, for π − the contribution coming from F F region whereas the experimental data are close to zero. In Fig. 3 we plot A N as function of P h⊥ for lepton-proton collisions at HERMES energy √ S = 7.25 GeV [32] . The general trends for all contributions are similar to those for the x F dependence shown in Fig. 2 and described above. One may sense, though, that, as could have been expected, our LO calculation is doing better towards larger values of P h⊥ . In that region an EIC could provide unique information as we discuss in more detail in Section III C.
HERMES also explored several sub-sets of data where the outgoing lepton was detected and photon virtuality Q 2 > 1 GeV 2 was guaranteed, which were referred as "DIS" subsets [32] . This subset was divided into two regions of z: 0.2 < z < 0.7 ( x H F ≈ 0.2) and z > 0.7 ( x H F ≈ 0.27). Even though strictly speaking these data sets correspond to semi-inclusive rather then fully inclusive hadron production, we will nevertheless compare our calculations with these measurements. In Fig. 5 we plot A N for π + and π − production as a function of P h⊥ for 0.2 < z < 0.7. One can see that for π + the F quickly with increasing P h⊥ . A different pattern emerges for the z > 0.7 subset which we plot in Fig. 6 . In this case, the contributions fromĤ h/q andĤ h/q,ℑ F U almost cancel the contribution from H h/q , and the asymmetry is close to the result for the contribution from F q F T . Overall, the theoretical curves are much closer to the experimental data for both π + and π − production. Jefferson Lab published data on ℓ N → h X collected on a transversely polarized 3 He target [33] . The energy of the experiment is relatively low, such that the largest value of the transverse hadron momentum reached is P h⊥ = 0.69 GeV. Therefore, we cannot compare directly to the data. However, we can calculate the asymmetry in the region of larger P h⊥ . Note that the definition of the reference frame used in Ref. [33] for Jefferson Lab is such that
In Fig. 7 we plot π ± production on the neutron at JLab 6 for P h⊥ > 1 GeV. In this case the contribution from the function H h/q almost exactly cancels the contributions fromĤ h/q andĤ h/q,ℑ F U
, and the asymmetry is close to the result of the contribution F q F T . One can see from Fig. 7 that the sign of the asymmetry for both π + and π − is consistent with our calculations, but for π + the trend of the result is much larger than the data. However, one has to keep in mind that especially for A π + N the uncertainties of the calculation are quite large where the dominant contribution comes from down quarks, whose Sivers function has rather large errors. Future results from JLab 12 [83] will allow us to have a better determination of down quark TMDs in the large x region.
Extra caution has to be taken when one looks at the comparison of our computations with the experimental data, which seems to show discrepancies. Such disagreements can have different sources. First, our numerics is based on LO analytical results only. However, higher order corrections to both the spin-independent and the spin-dependent cross sections can be expected to be very large for the process ℓ N → h H [36, 70] , especially in the relatively low P h⊥ region. This is actually already confirmed by the HERMES measurement [32] , where almost all the data correspond to quasi-real photoproduction, and even at the highest P h⊥ ∼ 2 GeV only a very small fraction of the events satisfies
Since in collinear factorization quasi-real photoproduction appears for the first time at NLO accuracy, the underlying mechanism of the majority of the data from HERMES (and Jefferson Lab) is not covered by a LO calculation. In order to obtain a more quantitative understanding of higher order corrections, it would be very useful to have absolute cross section measurements from HERMES and Jefferson Lab. At the same time, the NLO calculation has to be carried out in the future. Along these lines, the positive trend towards larger P h⊥ values in Fig. 3 and, in particular, the relatively good agreement shown in Figs. 5, 6 , where one has data with Q 2 > 1 GeV 2 , could indeed indicate that issues describing the HERMES data in Figs. 2, 3 may be attributed to possibly large radiative corrections due to those data being at Q 2 ∼ 0 GeV 2 . Second, recall that the error bands are underestimated (see the discussion before Sec. III B), and may actually overlap the data once fully calculated.
C. Predictions
In this subsection, we show predictions for A N in the kinematics relevant to several upcoming/planned experiments. A future EIC [44] [45] [46] with variable energy √ S = 50 − 100 GeV will be an ideal facility to study inclusive hadron production in ℓ p ↑ → h X. One reason is the possibility to measure at (much) larger values of P h⊥ where the theory for this process should be under better control. We plot in Figs. 8, 9 our predictions for π 0 , π + , π − production at √ S = 63 GeV and P h⊥ = 3 GeV. Note that for p ↑ p → π X in the forward region (x F > 0) very large values for A N have been observed. We find that a clearly non-zero A N is predicted in this region. An EIC would be in a unique position to make a measurement for x F > 0. As already alluded to in the discussion of Fig. 4 , π − production would be particularly interesting in order to study the underlying mechanism of A N . One sees that settingĤ h/q,ℑ F U = 0, as in right panel of Fig. 9 , leads to a negative A N , opposite in sign for small to moderate x F to the case where one keepsĤ h/q,ℑ F U nonzero. Therefore, a measurement of A N at x F > 0 at an EIC can help constrain/test the extraction of this 3-parton fragmentation function performed in Ref. [31] . Predictions of A N as a function of P h⊥ at x F = 0 for π + , π − production are shown in Fig. 10 . One finds a rather flat P h⊥ dependence like in the pp case [31] . In Fig. 11 we present our predictions for A N as a function of x F at P h⊥ = 2 GeV for both π + and π − production for the COMPASS experiment at √ S = 17.3 GeV. Similar predictions at P h⊥ = 1 GeV are shown in Fig. 12 for JLab 12 at √ S = 4.6 GeV. It will be interesting to have experimental data on A N from all these facilities in the future.
D. Comparison with the Generalized Parton Model
Here we give a brief comparison between the collinear twist-3 approach and the GPM from both a conceptual and a phenomenological point of view. The GPM has been applied to A N for ℓ p ↑ → h X [41] [42] [43] and for p ↑ p → h X - see [17] [18] [19] [20] [21] and references therein. This model uses 2-parton correlation functions only, but consistently keeps the transverse parton momenta at all stages of the calculation. (This procedure may lead to a singularity for processes like p p → h X upon integrating over transverse momenta, which can however be avoided by introducing an integration cutoff [84] [85] [86] .) In the case of twist-3 observables like A N not all leading power terms are covered by the GPM.
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This holds for the twist-3 effect on the distribution side [88] and, in particular, also for the twist-3 fragmentation contribution [30] . As mentioned above, for the latter one has two independent fragmentation correlators [30] , while in the GPM only the Collins function contributes. (At present, a detailed analytical comparison of the fragmentation contributions in the two approaches does not exist.) On the other hand, the GPM contains certain (kinematical) higher twist contributions and may also mimic effects of a collinear higher order calculation at leading twist. We note in passing that a recipe for incorporating in the GPM the process dependence of the Sivers effect [89] has been discussed in [88] . Let us now turn to the phenomenology of A N for ℓ p ↑ → h X. The GPM predictions are closer to the HERMES data than what we found in the collinear twist-3 framework, where the best results in the GPM were obtained by exploiting somewhat older extractions of the Sivers function and the Collins function [60, 64] -compare Fig. 1 and Fig. 2 in [43] with our Fig. 2 . However, one again has to keep in mind the aforementioned underestimated error of the twist-3 calculation and the need for a NLO calculation. Moreover, due to large error bands, no conclusion could be drawn as to whether the Sivers or Collins effect can describe A N in p ↑ p → πX within the GPM [20, 21] . In this regard, a much more definite statement was made with the collinear twist-3 analysis performed in Ref. [31] , i.e., that the fragmentation mechanism in that formalism can be the cause of the transverse single-spin asymmetries seen in pion production from proton-proton collisions. We find that our results withĤ h/q,ℑ F U = 0 have the same signs and are close in magnitude to the curves labeled as SIDIS 2 in Figs. 1 and 2 of Ref. [43] for π + and π − production, respectively. One may speculate then that an analytical relation between the GPM and twist-3 approaches (showing where the two formalisms agree and/or differ) is perhaps possible for this observable if one neglects the 3-parton FF. However, as already stated, no such rigorous derivation has been performed yet. Let us also mention that our prediction for A π + N for the EIC in Figs. 9, 10 are comparable both in sign and size with those of Refs. [43, 66] using GPM framework. On the other hand, our result for A π − N for the EIC is quite different from what one finds in the GPM [43, 66] . Such a measurement might therefore allow one to discriminate between the phenomenology of the two approaches.
IV. SUMMARY
Within the collinear twist-3 factorization formalism, we derived LO results for the transverse single-spin asymmetry A N for inclusive electroproduction of hadrons in lepton-nucleon collisions, ℓ N ↑ → h X. In such a process, A N receives contributions from the QS function . We provided numerical estimates for typical kinematics for experiments at HERMES [32] and at Jefferson Lab [33] , and we compared our results with the HERMES data for P h⊥ ≥ 1 GeV. We found that our theoretical estimates for A N agree with the HERMES results in sign and roughly in shape, but in terms of magnitude they are typically above the data. We argued that at present such a discrepancy cannot be considered a failure of the collinear twist-3 formalism. We emphasized the need for computing the NLO corrections and assess its impact on A N , especially in the region of lower transverse hadron momenta P h⊥ . Moreover, we explained why the error of our numerical calculations is underestimated. In this regard it will be important to better constrain the 3-parton fragmentation correlatorĤ h/q,ℑ F U . On the experimental side, it would be very useful to have absolute cross section measurements from both HERMES and Jefferson Lab, which would help one to obtain a quantitative understanding of the role played by higher order corrections. We also presented predictions for A N for Jefferson Lab 12, COMPASS, and a potential future Electron Ion Collider. In fact, an EIC would be in a unique position to measure A N in ℓp ↑ → hX at x F > 0. In particular A that can play a crucial role in A N in pp collisions [31] , and to discriminate between the GPM and the twist-3 frameworks. In general, further combined theoretical and experimental efforts will help us to deeper understand the underlying QCD mechanism of transverse single-spin asymmetries.
